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Abstract.3

The incision of bedrock channels is typically modeled through the stream4

power or the shear stress applied on the channel bed. However, this ap-5

proach is not valid for quasi-vertical knickpoints (hereafter waterfalls),6

where water and sediments do not apply direct force on the vertical face7

and waterfall retreat rate is often modeled as a power function of drainage8

area. These different incision modes are associated with two measurable9

exponents: the channel concavity, θ, that is measured from the channel to-10

pography and is used to evaluate the exponents of drainage area and slope11

in the channel incision model, and p, that is measured from the location12

of waterfalls within watersheds, and evaluates the dependency of the wa-13

terfall recession rate on drainage area. To better understand the relations14

between channel incision and waterfall recession we systematically compare15

between the exponents p and θ. These parameters were computed from dig-16

ital elevation models (30 m SRTM) of 12 river basins with easily detectable17

waterfalls. We show that p and θ are: (1) similar within uncertainty, (2)18

come from a similar distribution, and (3) covary for networks with a large19

number of waterfalls (& 10). In the context of bedrock incision models this20

hints that the same processes govern waterfall retreat rate and the inci-21

sion of non-vertical channel reaches in the analyzed basins, and/or that22

downstream incision can dictate waterfall retreat rate.23
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1. Introduction

Quantification of landscape response to climatic and tectonic changes is a key component24

in predicting topographic sensitivity to future changes, and in reconstructing past changes25

from topographic patterns [e.g., Whipple and Tucker , 1999; Crosby and Whipple, 2006;26

Moon et al., 2011; Goren, 2016]. In bedrock landscapes, the rate of channel incision (E27

[L/T]) is governed by complex interactions between discharge and channel geometry, as28

well as sediment and bedrock properties [e.g., Seidl and Dietrich, 1992; Dietrich et al.,29

2003; Gasparini et al., 2006]. This rate is often described as a function of gravitationally30

induced shear-stress or stream-power applied to the channel bed [e.g., Bagnold , 1966;31

Howard and Kerby , 1983; Whipple and Tucker , 1999; Tucker and Hancock , 2010], and32

formulated as:33

E = KAmSn, (1)

whereK [L1−2m/T] is termed the erodibility coefficient and depends on bedrock properties,34

discharge-drainage area relations, and channel geometry.35

In this framework, an increased rate of base-level fall (U [L/T]) is communicated to36

the upper reaches of the channel network through upstream recession of oversteepend37

channel segments, namely, knickpoints [e.g., Rosenbloom and Anderson, 1994; Whipple38

and Tucker , 1999; Bishop et al., 2005; Crosby and Whipple, 2006]. When the knickpoint39

is non-vertical, its recession rate (i.e., knickpoint celerity: Ce [L/T]) can be derived from40

the channel incision model (equation (1)) [Rosenbloom and Anderson, 1994; Whipple and41

Tucker , 1999; Bishop et al., 2005; Haviv et al., 2006; Berlin and Anderson, 2007]:42

Ce = KAmSn−1. (2)
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The celerity, Ce, is independent of the slope (S) in two commonly assumed scenarios:43

(1) when n = 1 [Rosenbloom and Anderson, 1994; Berlin and Anderson, 2007], such44

that m/n = m, and (2) when the slope of the knickpoint is the slope predicted for a45

steady state landscape under the new rate (Un) of base level fall (i.e., Un = E such that46

S =
(
Un

K

)1/n
A−m/n can be substituted into equation (2)). In both cases equation (2)47

results in48

Ce ∝ Am/n, (3)

where in the latter case Ce also depends on U [e.g., Niemann et al., 2001; Wobus et al.,49

2006b].50

When U and K are generally uniform along the channel, the ratio m/n equals the51

channel concavity index, θ, that is typically computed from linear relations between log(S)52

and log(A) or between topographic elevation. In that case, equation (3) becomes:53

Ce ∝ Aθ. (4)

When a knickpoint is quasi vertical (i.e., a waterfall) such that water and sediment54

fall without applying direct force on the knickpoint face, the assumptions that underly55

Equations 1 and 2 become invalid [Crosby and Whipple, 2006; Haviv et al., 2010]. In56

that case, waterfall recession is influenced by a variety of processes, including plunge-57

pool drilling, freeze-thaw and wet-dry cycles, and groundwater seepage. The intensity of58

these processes depends on factors such as cap-rock and sub-cap-rock strength and joint59

density, sediment concentration and grain-size distribution, water discharge, the micro-60

topography of the waterfall lip, the waterfall height, temperature and rainfall fluctuations,61

water jet impact angle, and the properties of the lag-debris [e.g., Gilbert , 1907; Mason and62
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Arumugam, 1985; Howard and Kochel , 1988; Haviv et al., 2006; Lamb et al., 2007; Haviv63

et al., 2010; Lamb et al., 2014; Mackey et al., 2014; Scheingross et al., 2017]. Whereas64

this suggests that multiple factors should be parameterized to accurately model waterfall65

celerity [e.g., Lamb et al., 2006; Haviv et al., 2010; Scheingross and Lamb, 2016], a simple66

model for waterfall celerity (Cew [L/T]) was posited by Crosby and Whipple [2006] and67

explored in various settings [Crosby and Whipple, 2006; Berlin and Anderson, 2007; Haviv ,68

2007; DiBiase et al., 2015; Mackey et al., 2014; Brocard et al., 2016]:69

Cew = BAp , (5)

where B [L1−2p/T] is a proportionality constant, and p is a positive exponent. In this70

model both B and p are not necessarily related to an incision model such as the one71

presented in equation (1).72

The different geometry of waterfalls and non-vertical knickpoints suggests that their re-73

cession rate might be governed by different processes, where the recession of non-vertical74

knickpoints is often formulated based on the bedrock channel incision model (equation75

(2)), and that of waterfalls (i.e., equation (5)) is based on empirically demonstrated re-76

lations with drainage area [e.g., Berlin and Anderson, 2007; Crosby and Whipple, 2006].77

However, the similarity in the functional form of equations 4 and 5 suggests a potential78

link between the two rates, and highlights the need for a systematic comparison between θ79

and p. Such a comparison can shed light on commonalities and/or differences between the80

two rates and the underlying processes. Published data indicate that θ values typically81

vary between 0.35− 0.7 [Whipple and Tucker , 1999; Tucker and Whipple, 2002], whereas82

p values span a wider range (p = −3, 0, 0.24, 0.33, 0.54, 1.125; for Mackey et al. [2014];83

Weissel and Seidl [1998]; Haviv [2007]; DiBiase et al. [2015]; Berlin and Anderson [2007];84
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Crosby and Whipple [2006], respectively). These published data, however, are hindered by85

the small number of reported p measurements and the general lack of uncertainty bounds86

for reported p and θ values. Further, p and θ values are often not measured over the87

same channel segments and, as far as we know, the covariance between them has not been88

explored.89

In this study we compare p and θ over the same channel sections while quantifying90

their uncertainty. We also explore the covariance between p and θ, and the influence of91

various factors on p. To do so we use existing and new methods to compute p, θ, and92

their uncertainty from digital elevation models (DEMs) of 12 river basins with multiple93

waterfalls. Our analyses indicate that p and θ are: (1) similar within uncertainty, (2)94

come from a similar distribution, and (3) generally covary. We also show that optimized95

p values are sensitive to the variability in the basin area that drains to waterfalls, which96

could explain the wide range of p values that has been reported in the literature.97

2. Method

To explore the similarity between p and θ we analyze 12 natural basins with multiple98

waterfalls in different climatic and lithologic conditions (Table 1, Table S1). We first99

detect the location of waterfalls and the uncertainty in their location in a systematic100

manner (Section 2.2). We then use these locations and uncertainties to compute the101

optimal p and θ values (Sections 2.3, 2.4), and their uncertainty (Section 2.5) for each of102

the analyzed basins. For consistency, we compute the values of θ over the same channel103

sections used to compute p (i.e., between the waterfalls and a downstream location that104

drains all waterfalls). To verify that our results are consistent across methods for p and θ105
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computation, we use three different methods to compute θ and two methods to compute106

p. The resulting p and θ values are then compared.107

2.1. Study sites

We explored the values of p and θ by analyzing basins with multiple waterfalls identified108

using a 1 arc-second SRTM DEM (∼ 30 m for the studied basins) [Rodríguez et al., 2005]109

(Table 1, Table S1). The basins were selected based on the following criteria: (1) multiple110

waterfalls (to effectively constrain p); (2) waterfalls are clearly detectable over the DEM111

resolution (Section 2.2, Figures 1); (3) the drainage area at the waterfall (Aw) in some112

of the selected basins spans a wide range of values such that in these cases it is unlikely113

that waterfall location can be explained solely via a drainage area threshold [i.e., Crosby114

and Whipple, 2006]; (4) basins span different precipitation regimes in order to explore the115

potential influence of precipitation on p and θ [e.g., Zaprowski et al., 2005] (Table 1).116

2.2. Waterfall identification

We applied a quasi-automatic waterfall identification procedure to detect waterfalls in117

a repeatable and efficient manner (Figure 2). We first used the DEM to visually detect118

all potential waterfalls within a basin and extract the profiles of channel segments that119

contain waterfalls. For each segment we identified the waterfall location and its boundaries120

using the following procedure: (a) for each node along the channel segment we recorded121

elevation and drainage area (zi, Ai, where i is the node index); (b) the slope (Si) at each122

node was computed via a central difference scheme over a window of 9 nodes (a window123

size selected based on iterative experimentation) along the channel to suppress slope errors124

that propagate from elevation errors in the DEM [i.e., Wobus et al., 2006a]; (c) Values of125
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ksn (normalized channel steepness index, [e.g., Wobus et al., 2006a]) were computed for126

each channel node utilising ksni
= SiA

0.5
i (an exponent value of 0.5 is generally similar127

to that computed for most basins we studied, and is in agreement with values that are128

traditionally used) ; (d) waterfall location was detected by finding the node of highest ksni
129

where the slope across the waterfall also exceeds a prescribed threshold (0.2, in agreement130

with the upper slope limit of step-pool and cascade reaches [Montgomery et al., 1995;131

Montgomery and Buffington, 1997] as well as lag-debris reaches beneath waterfalls [Haviv132

et al., 2010; Haviv , 2007]); (e) The top and bottom boundaries of the waterfall were133

defined by progressing from the waterfall up- and down- stream until the first node where134

Si is smaller than half of the prescribed knickpoint threshold (i.e., < 0.1). If Si does not135

decrease below this value; the channel is relatively steep so the waterfall is defined as not136

being sufficiently distinguishable and is excluded from the analysis. These boundaries are137

used as measures of uncertainty in waterfall location. We executed this routine over all138

basins and visually confirmed the location of the selected waterfalls and their boundaries139

(Figure 3).140

2.3. Computation of p value

2.3.1. Time based optimization of p141

To compute p for each basin we used an optimization procedure that minimizes the142

scatter in recession duration (i.e., the time-span of recession) among the observed water-143

falls [e.g., Brocard et al., 2016]. This procedure relies on a commonly used assumption144

[e.g., Weissel and Seidl , 1998; Crosby and Whipple, 2006; Berlin and Anderson, 2007;145

Brocard et al., 2016] that all waterfalls initiated as a single waterfall that was located at146

the trunk channel at some initial time ts, and over the time period between ts and the147
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present (hereafter recession duration) receded and bifurcated at tributary junctions to148

their current location. We also assume that the waterfall recession rate is described by149

equation (5) and that the value of B and p are uniform within the basin. These assump-150

tions are similar to those used by other studies [Crosby and Whipple, 2006; Berlin and151

Anderson, 2007; Whittaker and Boulton, 2012; DiBiase et al., 2015; Brocard et al., 2016].152

The p value that optimizes the fit between modeled and natural waterfall locations153

can be computed either from the spatial misfit between the location of modeled and154

observed waterfalls [e.g., Crosby and Whipple, 2006; Berlin and Anderson, 2007], or from155

the temporal misfit in arrival time of the modeled waterfall to the location of the observed156

ones [e.g., Brocard et al., 2016]. We computed p through the latter approach that is most157

consistent with the assumption that all waterfalls migrated to their current position over158

the same time period. The recession duration (i.e., the time-span of recession) between159

the initial waterfall location and the current one is cast as [following Crosby and Whipple,160

2006; Berlin and Anderson, 2007]:161

tr(Nn) =
Nn∑
i=1

∆ti =
Nn∑
i=1

∆x

Cew,i
δi, (6)

whereNn is the number of nodes between the initial waterfall location at ts and the current162

waterfall location, ∆ti [T] is the recession duration between nodes i and i+ 1. Cew,i [L/T]163

is the waterfall celerity between nodes i and i + 1 that is evaluated as BApi (equation164

(5)) where Ai is the drainage area of the i’th node. ∆x is the the distance between DEM165

nodes in the cardinal directions, and δi is a dimensionless variable that equals 1 or
√

2 for166

cardinal and diagonal flow direction between nodes i and i+ 1, respectively.167

To compute p in cases where the recession duration and initial waterfall location are un-168

known, we non-dimensionalized the duration of waterfall recession to: t∗r(Nn) =
∑Nn

i=1 ∆t∗i ,169
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where ∆t∗i = ∆ti/∆t0. We set ∆t0 = ∆x
BAp

0
where A0 is an arbitrary reference drainage170

area. The non-dimensional recession duration is:171

tr(Nn)∗ =
Nn∑
i=1

∆t∗i = Ap0

Nn∑
i=1

A−p
i δi.

(7)

We find the optimal p value while accounting for the uncertainty in waterfall positions.172

To do so, we computed the dimensionless recession duration (t∗r, equation (7)) between173

the initial waterfall location and each of the observed waterfalls for each p value (from 0 to174

2 in intervals of 0.01). We then calculated the weighted misfit (χ2
r) in recession duration175

between waterfalls:176

χ2
r =

1

Np − 1

Np∑
i=1

D2
i

σ2
i

=
1

Np − 1

Np∑
i=1

t∗r,i − t̄∗r
σ2
i

, (8)

where Np is the number of waterfalls, Di is the difference in t∗r between the i’th waterfall177

(t∗r,i) and the mean t∗r for all waterfalls (t̄∗r), and σi is a measure of uncertainty in recession178

duration computed from the standard deviation of the nondimensional recession time to179

the top and bottom boundaries of the i’th waterfall (because this is a standard deviation180

of two values only, it equals half of the difference in t∗r between these top and bottom181

boundaries). The best fit p value is the one that produces the lowest χ2
r value (Figure 4).182

The method successfully recovered the correct p values from synthetic experiments where183

waterfall locations were modeled with a prescribed p values.184

As long as the initial location of the waterfall is at the trunk stream downstream of all185

waterfalls, the optimization of p is insensitive to the exact initial location of the waterfall186

and the duration of waterfall recession. This is because waterfall recession along a trunk187

channel downstream of all waterfalls shifts t∗r(Nn) by a constant value for all waterfalls.188

Hence, the initial location of the waterfall can be prescribed at any arbitrary location in189
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the trunk channel without affecting the optimization results that rely on minimizing the190

scatter in t∗r(Nn) between all waterfalls. This facilitates finding the best fit p without191

knowing the recession duration and the exact initial location of the waterfall.192

The method described above differs from the time-based optimization of Brocard et al.193

[2016] in that it is designed to compute p while accounting for the uncertainty in waterfall194

location. To explore whether the p values produced by the time-based approach we used is195

similar to that produced by the distance-based approach of Crosby and Whipple [2006] and196

Berlin and Anderson [2007], we also developed a distance-based optimization procedure197

that can recover p when both the duration of recession and the exact initial location of198

the waterfalls are unknown. The p values produced by these two approaches are equal199

within error (see SI).200

2.3.2. Optimization of p with a critical area threshold201

To account for the possibility that waterfall recession is halted when the basin area that202

drains to the waterfall is below a critical threshold (Ac [L2], Crosby and Whipple [2006])203

we also computed the optimal p for:204

Cew = B(A− Ac)p . (9)

Under these conditions Cew = 0 when Ac ≥ A. The Ac value for each basin was determined205

as the minimum drainage area over all the waterfalls in the basin. The optimal p value is206

found by minimizing χ2
r as explained in section 2.3 (equation (8)).207

2.4. Extraction of θ value

We computed θ, and the uncertainty associated with it, using slope-area (S − A) [e.g.,208

Hack , 1973; Whipple and Tucker , 1999; Wobus et al., 2006a], and χ−z [e.g., Royden et al.,209
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2000; Perron and Royden, 2012] relations. For the latter we computed θ for both linear210

and non-linear χ−z relations. The analysis is conducted on channel portions that extend211

from the bottom boundary of waterfalls (i.e., Section 2.2) downstream to the mutual212

junction where the initial waterfall is prescribed. Focusing on these channel portions213

assures that p and θ are computed and compared over the same set of flow-pathways.214

2.4.1. Compute θ from slope area relations215

The value of θ is reported as the slope of the least square linear regression between216

log(S) and log(A) [e.g., Howard and Kerby , 1983; Whipple and Tucker , 1999; Dietrich217

et al., 2003; Wobus et al., 2006a] at the relevant channel portions. To reduce the influence218

of the DEM elevation error on S [i.e., Wobus et al., 2006a] we computed S over vertical219

increments of ∆z ' 100 m such that Σz

∆z
' 0.1 (where Σz = 10 m, is the 90% DEM220

elevation error [Rodríguez et al., 2005]).221

2.4.2. Compute θ from χ− z relations222

An alternate procedure for calculating θ relies on a comparison between elevation (z)223

and an integral quantity of drainage area (χ [L]) [Royden et al., 2000; Royden and Perron,224

2013; Perron and Royden, 2012; Mudd et al., 2014; Willett et al., 2014; Goren et al., 2014]:225

χ(l) = Aθ0

∫ l

lb

A(l)−θdl, (10)

where A0 is a reference A value (we prescribed A0 = 1000 m2), and l and lb measure the226

distance along the stream at up and downstream locations, respectively.227

In theory, a linear relation between χ and z should occur when all the following condi-228

tions are met [Perron and Royden, 2012]: (a) the channel network is at steady state; (b)229

the channel steepness index (ks = (U/K)1/n) is spatially uniform; (c) θ is spatially uni-230

form; (d) the channel incision processes are adequately described by equation (1). When231
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these assumptions hold, the integration of channel slope over the distance l− lb along the232

channel yields [Perron and Royden, 2012; Willett et al., 2014; Shelef and Hilley , 2014]:233

z(l) = z(lb) +

∫ l

lb

S(l)dl,

= z(lb) + ks

∫ l

lb

A−θdl,

= z(lb) + ksA
−θ
0 χ(l).

(11)

where z(lb) is the z value at χ = 0. equation (11) demonstrates that when χ is calcu-234

lated with a θ value that is representative of the analyzed channel and under the above235

assumptions, the relation between χ(l) and z(l) is linear and ksA
−θ
0 is the coefficient of236

proportionality. This equation also implies that when χ is computed for multiple tribu-237

taries, and is integrated in the up-flow direction from a common point downstream, the238

correct θ value should not only linearize all the profiles in χ − z space, but also collapse239

all tributaries to a single line [Perron and Royden, 2012].240

If the channels downstream of waterfalls are assumed to be at steady state, an optimal θ241

can be identified through an iterative search for a value that minimizes the deviation from242

a least square linear regression between χ and z [Perron and Royden, 2012; Royden and243

Perron, 2013; Mudd et al., 2014] downstream of waterfalls. We used a range of θ values244

(from 0 to 2 in intervals of 0.01) to compute χ for each DEM node along tributaries245

that extend from the prescribed initial waterfall location to the bottom of waterfalls. We246

integrated χ using the rectangle rule to better capture the discrete changes in χ across247

channel junction [Mudd et al., 2014]. For each θ value, we computed the least square248

linear regression between χ and z and calculated the misfit between the data and the249

linear model using equation (8) where Di is the difference between the observed and250

D R A F T March 14, 2018, 8:50pm D R A F T



X - 14 SHELEF ET AL: WATERFALL RECESSION AND CHANNEL CONCAVITY

predicted elevation at the i’th node, σi is the DEM vertical error (i.e., 10 m), and Np is251

the number of χ− z pairs. The optimal θ value minimizes the misfit (equation (8)).252

Non-linear χ− z relations may occur when temporally and/or spatially varying uplift,253

climate, and rock properties affect the geometry of the channel network [e.g., Royden and254

Perron, 2013; Mudd et al., 2014; Goren et al., 2014]. To acknowledge this possibility we255

computed θ through a binning approach [after Goren et al., 2014] that minimizes the256

scatter of z values within each χ bin with multiple tributaries, so that it does not force257

the same linear relation over the entire χ and z range. For each θ value, the procedure258

divides the range of χ values to 100 bins (based on an iterative experiment that shows259

that stable θ values are attained with more than 20 bins), and computes equation (8) for260

bins that contain more than one tributary. The optimal θ value is that which minimizes261

equation (8), where Di is the standard deviation of z values within each bin, and σi is the262

DEM vertical error (i.e., 10 m).263

2.5. Uncertainty in p and θ

The values of p and θ are often reported without a measure of uncertainty, thus inhibiting264

a comparison that accounts for the uncertainty in each of these parameters. For θ values265

computed from the slope of the least square linear regression of log(S) vs. log(A) (Section266

2.4.1), the uncertainty in θ for each of the basins is reported as two standard deviations267

of the computed slope [Montgomery and Runger , 2010]. For θ values computed from268

χ− z relations (Section 2.4.2), as well as for p values computed from t∗r (Section 2.3), we269

calculated the uncertainty for each basin through an iterative bootstrap approach that270

repeatedly computes p (or θ) for subsets of the flow pathways in each basin. This is271

executed for 50 iterations, where in each iteration we compute the optimal p (or θ) value272
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for an arbitrarily chosen subset of the flow pathways (Figure 4). We then compute the273

lower and upper uncertainty bounds in p (or θ) for each basin from the 2.5 and 97.5274

percentiles of the optimal p (or θ) values computed in these 50 iterations (Figure 4). In275

each iteration the number of flow pathways is the integer value closest to 75% of the total276

number of flow pathways.277

3. Results

3.1. Waterfalls, longitudinal profiles, and their characteristics

Figure 3 shows river longitudinal profiles along the analyzed basins. We find that278

the elevation of the waterfalls in each basin is generally similar within uncertainty (i.e.,279

the top and bottom boundaries of the waterfall, Figure 3). In some basins this ele-280

vation consistently changes with distance from the origin (e.g., Figure 3a-c,h), or is281

rather scattered (Figure 3f). Review of geologic maps (Table 1), air-photos, pictures282

(https://www.google.com/earth/, http://www.panoramio.com), and previous work [Melis283

et al., 1996; Ruiz , 2002; Weissel and Seidl , 1997, 1998; Berlin and Anderson, 2007] sug-284

gests that in most of the analyzed basins the waterfalls occur over an erosion-resistant285

sedimentary layer.286

3.2. Computed p values

Computed values of p typically span a range of 0.3-0.9 (Figures 5, Table S1). High values287

of p (≈ 1) occur in basins a and k and are associated with a low standard deviation (σa),288

and relative standard deviation (σa/µa, where µa is the mean drainage area at waterfalls)289

of the drainage area at waterfalls (Figure 5a). The uncertainty in p is sensitive to the290

number of waterfalls (Np) in the analyzed basin and suggests that this uncertainty stabi-291
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lizes when Np & 10 (Figure 5b). Values of p computed through the time-based method292

with and without a critical area threshold (Ac) covary and are similar within uncertainty293

(Figure 5c), where a model with Ac > 0 typically produces lower p values compared to294

a model with Ac = 0. Values of p do not display a clear covariance with precipitation,295

waterfall height, or slope (Figure 5d-f, height and slope are measured between the top296

and bottom waterfall boundaries). The χ2
r optimization curves (SI) tend to be better con-297

strained for basins with large number of waterfalls (Table S1). The p value we computed298

for basins e-j (0.49+0.04
−0.05, 0.44+0.28

−0.04, 0.39+0.02
−0.03, respectively, computed with Ac = 0) differs299

from the p value estimated by Weissel and Seidl [1998] for the same catchment (p ∼ 0).300

This deviation likely reflects differences in the DEM resolution, number of waterfalls, and301

optimization technique. This study uses DEMs of 30 m resolution, 47 waterfalls, and the302

aforementioned p optimization technique, whereas the study of Weissel and Seidl [1998]303

used DEMs of 500 m resolution, 11 waterfalls, and visual approximation of p. Further, this304

study analyzed each basin separately, whereas Weissel and Seidl [1998] analyzed basins305

e-g together, starting approximately 150 km downstream of the confluence where these306

basins join.. The p values computed for basins h and i, (0.51+0.12
−0.1 , 0.53+0.06

−0.07, respectively,307

computed with Ac = 0) are similar to the value computed by Berlin and Anderson [2007]308

for these two basins combined using a distance based-optimization (p = 0.54).309

3.3. Computed θ values

Computed values of channel concavity (θ) typically span a range of 0.3-0.7 (Figure 6,310

Table S1). In contrast to p, the uncertainty in θ is generally independent on the number311

of waterfalls (Figure 6a), and θ is generally insensitive to σa (Figure 6b). θ does not show312

a clear covariance with precipitation (Figure 6c). The θ values computed through slope-313
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area relations somewhat deviate from those computed based on linear or binning based314

optimization of χ− z relations (θχ−z−lin and θχ−z−bin, respectively, Section 2.4, Figure 7).315

In some basins the χ − z relations for the flow pathways downslope of the waterfalls are316

scattered and so are the slope area relations, suggesting that these basins deviate from317

the linear relation expected when channels are at steady state and lithology and uplift are318

spatially homogenous (SI).319

3.4. Comparison of θ and p

Comparison of p and θ shows that they are generally similar within uncertainty (Figure320

7, Tables 1, S1). The optimal p and θ values generally covary for basins of & 10 waterfalls,321

Figure 7c). Least square linear regression between p computed with Ac = 0 and θ com-322

puted through all the aforementioned methods produces θ = 0.054(±0.13)+0.95(±0.31)p323

(uncertainty is reported based on 95% confidence interval), with an R2 = 0.64, and a324

probability (p) value of 2.4 × 10−6. Similar analysis for p computed with Ac > 0 pro-325

duces θ = 0.006 + 1.19p with an R2 = 0.59 and a probability (p) value of 1.2 × 10−5.326

Note that in both cases the intercept is < 0.1 and the slope is close to unity, suggesting327

that p and θ are generally similar. A ranked correlation produces a Kendall correlation328

coefficient of 0.55 and a probability (p) value of 4.4 × 10−4. The difference between p329

and θ is maximal when p values are high (Figure 7a). A Kolmogorov-Smirnov test that330

compared the distributions of p and θ for all basins failed to reject the null hypotheses331

that p and θ are drawn from the same population. Similarly, a Wilcoxon signed rank test332

that compared the paired (by basin) values of p and θ failed to reject the null hypothesis333

that the population of differences between p and θ pairs comes from a distribution whose334

median is zero. Note that in both of these tests the null hypothesis (i.e., similarity of p335
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and θ) is not rejected despite the very conservative significance level used (α = 0.5, an336

order of magnitude larger than the commonly used α = 0.05).337

4. Discussion

4.1. Similarity between p and θ

The similarity between p and θ is supported through multiple means of comparison.338

Whereas the similarity ’within uncertainty’ (Figure 7a) may depend on how the uncer-339

tainty in p and θ is computed, the statistical tests are more robust and suggest that the340

values of p and θ are drawn from the same population (i.e., Kolmogorov-Smirnov test),341

and that when matched by a basin, neither p or θ is consistently higher than the other (i.e.,342

Wilcoxon signed rank test). The covariance between p and θ (for basins with 10 waterfalls343

or more), and their alignment along a ∼ 1:1 line further supports their similarity.344

One interpretation of the similarity between p and θ is that it stems from the functional345

similarity between t∗r and χ (Equations 7, 10), where both t∗r and χ at the waterfall can346

represent the duration of waterfall recession [e.g., Whipple and Tucker , 1999; Perron and347

Royden, 2012; Goren et al., 2014]. Conceptually, when all tributaries collapse to a single348

line in χ − z space, and the waterfalls are of equal elevation, an equality of p and θ is349

inevitable (Figure 8a, b). However, perfect alignment of χ and z rarely occurs in natural350

settings, so that different values of p and θ may occur. For example, Figures 8c and 8d,351

show a scenario where waterfalls are of equal elevation but the θ value that minimizes352

the scatter in z for all χ values along the channels (Figure 8c) differs from the p value353

that minimizes the scatter in t∗r at the waterfalls only (Figure 8d). Similarly, Figures 8e,354

and 8f, show a scenario with a perfect alignment of χ and z but waterfalls at different355

elevations, such that once again the θ value that minimizes the scatter in z for all χ values356
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(Figure 8e) differs from the p value that minimizes the scatter in t∗r at the waterfalls only357

(Figure 8f). These differences between p and θ occur because p minimizes the scatter in358

t∗r (or χ) at the waterfall location only, while θ minimizes the scatter in z for χ (or t∗r)359

values everywhere along the analyzed channels.360

In most of the analyzed basins waterfalls are approximately at the same elevation (within361

uncertainty, Figure 3). Whereas this can be interpreted as if the similarity between p and362

θ stems from the idealized case described in Figure 8b, the lack of clear relations between363

the spread in waterfall elevations and the difference between p and θ (SI), as well as the364

scattered χ − z relation for the analyzed basins (SI) suggests that the setting described365

in Figure 8b is unlikely. Given that the optimization of θ assigns equal weighting to all366

points along the channel profile, and that of p accounts for waterfall location only, the367

similarity between p and θ may capture commonalities between the processes that shape368

the channel profile and those that determine the location of waterfalls.369

4.2. Potential process-based rationale for the similarity of p and θ

In the context of the channel incision law, p = θ = m/n suggests that the exponent370

value that describes the influence of drainage area (A) on waterfall celerity is similar to371

that which describes the influence of A on the celerity of non-vertical waterfalls (Section372

1). This functional similarity may have several explanations.373

A potential explanation for p = m/n is that waterfall celerity is primarily influenced by374

water discharge and channel width, for which Am/n is a proxy (i.e., m/n = c(1− b) where375

c and b are exponent relating drainage area to channel discharge and width, respectively,376

Whipple and Tucker [1999]). For example, discharge can influence the retreat of a quasi377

vertical waterfall face through plunge pool erosion, by shear on sub-vertical slabs which378
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will eventually topple, by removing and breaking boulders which can buttress the waterfall379

face, by supplying sediments that can enhance erosion, and by influencing wet-dry related380

weathering of the waterfall face. Since water velocity matters in all these processes, the381

width of the channel at a given discharge also matters. Hence, waterfall recession may382

be a function of Am/n. Whereas multiple factors influence waterfall celerity (see Section383

1), many of these factors can covary with channel geometry and discharge, and therefore384

with Am/n. Further exploration of the relations between these different factors and Am/n385

is needed to support this potential explanation, and to evaluate the relative influence of386

processes that do not depend on A on waterfall recession.387

An alternate explanation for the similarity between p and m/n is that the recession of388

a waterfall, and that of downstream non-vertical channel segments are dependent. Such389

dependency was suggested by Haviv et al. [2010], who explored the recession of a waterfall390

with a resistant cap-rock underlain by a weaker sub-cap-rock. In that case, Haviv et al.391

[2010] demonstrated that a recession of a non-vertical channel segment downslope of a392

waterfall (driven by downstream incision) can result in increased waterfall height once the393

receding segment abuts against the waterfall (as long as the vertical incision rate below394

the waterfall is greater than that upstream of the waterfall). When the waterfall height395

reaches a threshold for gravitationally induced failure, the waterfall fails and recedes, the396

resulting debris is transported down the channel, and the process repeats (Figure 9).397

A mechanism in which the waterfall celerity is dependent on (i.e., enslaved to) the celer-398

ity of the downstream channel segment requires that over long time-scales the waterfall399

celerity (Cew) equals the celerity of non-vertical channel segments (Ce). In the context400

of Equations 3-5 this requires that the waterfall celerity coefficient (B) equals the chan-401
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nel erodibility K. We are not aware of direct comparisons of these coefficients across402

basins with well defined waterfalls such as those explored in this study, however, the B403

value computed by Berlin and Anderson [2007] for waterfalls in the Roan Plateau, CO404

(B = 1.37× 10−7 [m0.08yr]−1, computed with p = 0.54) is within the range of empirically405

calibrated K values for models with 0.5 ≤ m/n ≤ 0.59 and n = 1 [Stock and Montgomery ,406

1999; Ferrier et al., 2013; Murphy et al., 2016]. However, a case where waterfall recession407

is faster than that imposed by channel incision downstream (i.e., Cew > Ce) was shown by408

DiBiase et al. [2015] for the Big Tujunga Creek that is incised into the crystalline rocks of409

the San-Bernardino mountains, CA. The high recession rate of the Niagara falls [Gilbert ,410

1907], for example, is also unlikely to be in balance with the recession imposed by channel411

incision (i.e., Figure 9) downstream. These examples suggest that the factors that govern412

waterfall recession may vary in time and space, and that a single mechanism is unlikely413

to explain the variety of observed phenomena. Direct comparison of K, B, p, and θ in414

locations where erosion rate, as well as the duration and spatial extent of waterfalls retreat415

are well constrained, can reveal whether, and under what conditions, waterfall recession416

is enslaved to that of downstream channel segments (Figure 9).417

4.3. Examination of assumptions

The assumption that all waterfalls initiated as a single waterfall at the trunk channel418

downstream of all waterfalls underlies our computation of p. Whereas we could not test419

for this assumption, such assumption was previously made for some of the analyzed basins420

[i.e., Berlin and Anderson, 2007; Weissel and Seidl , 1998], and is common in studies of421

waterfall and knickpoint propagation [e.g., Crosby and Whipple, 2006; Brocard et al.,422

2016; DiBiase et al., 2015]. The occurrence of waterfalls over a sub-horizontal, erosion-423
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resistant layer that is underlain by a weaker layer supports this assumption. This is424

because it suggests that this layer is initially incised at a downstream location where it is425

first transected by the stream, and the resulting waterfall then propagates upstream.426

A second assumption, that underlies our computation of p, is that the celerity coef-427

ficient, B, and the exponent p, are spatially constant along the analyzed channel sec-428

tions. Spatial homogeneity can stem from the spatial continuity of lithologic layers in429

many of the analyzed basins. This is suggested by geologic maps (Table 1), air-photos,430

pictures (https://www.google.com/earth/, http://www.panoramio.com), and published431

work [Melis et al., 1996; Ruiz , 2002; Berlin and Anderson, 2007] that indicate that in432

most of the analyzed basins the channel system is incised into sub-horizontal lithologic433

layers, and waterfalls occur over spatially continuous erosion-resistant layers underlain by434

weaker layers (except for basins e-g where this varies spatially [Weissel and Seidl , 1998]435

and at least some of the waterfalls are composed of a series of small waterfalls). The436

horizontal continuity of these layers can facilitate spatial homogeneity in B and p, where437

waterfalls, as well as non-vertical channel segments downstream, everywhere recede over438

the same lithologic units [e.g., Haviv et al., 2006; Berlin and Anderson, 2007; Haviv , 2007;439

Haviv et al., 2010] (Figure 9). Observations concerning the stratigraphic position of wa-440

terfalls and whether their lower boundary is tied to a specific lithologic horizon can assist441

in evaluating the feasibility of stratigraphically controlled homogeneity.442

The possibility that the similarity of p and θ stems from enslavement of the waterfall443

celerity to that of the non-vertical channel downstream of the waterfall is underlain by444

few assumptions. First, this mechanism was suggested and explored for waterfalls over445

a resistant cap-rock underlaid by a weaker sub-cup-rock [Haviv et al., 2010] (this also446
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appears to be the case in most of the basins we analyzed), and may not be valid for447

waterfalls in different settings. Second, in the context of Equations 3-5 and p = θ this448

mechanism requires that downstream channel recession is proportional to Am/n, either449

because n = 1 or because at the downstream channel segment denudation and uplift450

rates are approximately balanced (i.e., Section 1). Such a balance in the downstream451

channel segment is possible, despite the irregular channel profiles (Figure 3), because of452

the aforementioned lateral continuity of lithologic layers. In that case, where the spatial453

homogeneity of θ relies on the lateral continuity of specific layers but the value of θ is454

computed over the heterogeneous lithology of the entire channel system, it is assumed that455

this θ value is representative of the value of θ just downstream of the waterfall. In the456

context of the enslavement mechanism, if the latter assumptions hold so that denudation457

and uplift are balanced, the similarity between p and θ is not necessarily indicative of458

n = 1.459

Finally, the comparison between p and θ and its interpretation from a process perspec-460

tive assumes that the underlying equations (i.e., Equations 2, 5) adequately describe the461

recession process. Whereas both equations were explored numerically and calibrated to462

field data [e.g., Rosenbloom and Anderson, 1994; Bishop et al., 2005; Crosby and Whipple,463

2006; Whittaker and Boulton, 2012; Brocard et al., 2016], alternate or more complicated464

models can perform equally well or better [e.g., Crosby and Whipple, 2006; Lague, 2014].465

A wide spread of p values, or a clear indication that an important process is overlooked466

by equation (5) can raise doubts concerning the validity of this equation. Our results,467

pointing at a general consistency in the value of p between basins, as well as at a similarity468

between p and θ, suggest that Equations 2 and 5 do capture aspects of the recession pro-469

D R A F T March 14, 2018, 8:50pm D R A F T



X - 24 SHELEF ET AL: WATERFALL RECESSION AND CHANNEL CONCAVITY

cess that are consistent across the analyzed basins. This consistency lends some further470

support to the validity of these equations.471

4.4. The sensitivity of p to basin properties and DEM resolution

The uncertainty in p is sensitive to the number of waterfalls (Np) within a basin (Figure472

5b). In the context of our methodology for computing p, this suggests that when the473

number of waterfalls is small (Np . 10, Figure 5b), the influence of each of the flow474

pathways selected in a bootstrap iteration is large, such that a variety of optimal p values475

can be produced depending on the selected subset. Our analyses therefore suggest that476

studies that aim to extract reliable p values with the methodology we used should focus477

on basins with a large number of waterfalls (Np & 10, Figure 5b).478

The association between the exceptionally high p value (p ∼ 1) of basins a and k479

(0.94+0.21
−0.12, 0.88

+0.24
−0.34, respectively, for a model with Ac = 0), and the low variability in480

waterfalls drainage area (Aw) that characterize these basins ( σa ∼ 106 m2, σa/µa < 0.5,481

Figure 5a), points at a potential dependency between these parameters. Note that basin482

d is associated with a low p despite a low standard deviation in Aw (σa), yet this basin483

is associated with the lowest mean Aw (µa) of all basins (∼ 2 × 106 m2, Table S1), such484

that its relative standard deviation (i.e., σa/µa) is higher than that of basins a and k. A485

dependency between p and the variability in Aw is aligned with the findings of Crosby and486

Whipple [2006], who computed high p value (p = 1.125) for a basin with low variability487

in Aw .488

Occurrence of high p values is predicted for equation (5) when waterfalls drain a similar489

drainage area (i.e., low variability in Aw, Figures 1, 5a) but have different distributions of490

drainage area (A) along the down-stream flow pathway. These high p values occur because491
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waterfalls that drain similar drainage areas (i.e., small σa) likely have similar A values492

along the channel just downstream of the waterfall, while further downstream along the493

waterfall migration pathway (and yet upstream of where flow pathways merge next to the494

initial waterfall location) values of A differ due to variations in the network topology. In495

that case, a high p is preferred by the optimization procedure because it increases the496

similarity in recession duration (t∗r) by heavily weighting the low A portion of the channel497

just downstream of the waterfall where the values of A are similar among channels (i.e.,498

equation (7)). As σa increases, lower p values are favored because they preferably weight499

the identical high A portion of channels downstream of large confluences where channels500

merge. This topologic argument suggests that high p values will be associated with low501

values of σa.502

To explore this prediction, we run multiple p-optimization experiments where we used503

the topology (i.e., drainage area as a function of distance along the channels) for basin g,504

and imposed randomly positioned waterfalls within this basin topology. An initial set of505

Ns1 waterfall locations, constrained by a prescribed range of drainage area, was randomly506

selected from all possible locations for basin g. From this initial set we excluded all507

waterfall locations that have other waterfalls draining to them. From this screened subset508

of random locations we then randomly selected a prescribed number of waterfalls (Ns2)509

and used it to optimize p. To test the sensitivity of p to σa in this synthetic situation, the510

dependent variable was σa, namely, the permissible range of drainage areas from which the511

Ns1 locations are selected while maintaining the mean value of Aw (µa) approximately the512

same. We conducted 500 experiments with arbitrarily located waterfalls (Ns1 = 20, Ns2 =513

11). In each experiment we recorded the standard deviation of Aw (σa), as well as the514
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relative standard deviation (σa/µa) and optimal p value. The results of this experiment515

show that a high value of p is indeed associated with low σa. As σa increases, the value of516

p first declines steeply and then more gradually reaching approximately p = 0.5 at higher517

σa values (Figure 10).518

The interpretation of p values computed for low σa should also account for the potential519

influence of DEM resolution. For example, waterfalls within the same basin may retreat520

according to equation (5) with a p value of 0.5 up to the upper reaches of the basin, where521

the area that drains to waterfalls (Aw) decreases and so does the waterfall celerity. When522

mapped over a low resolution DEM, all waterfalls may appear to have the same Aw so523

the optimization procedure will prefer a higher value of p. In contrast, when mapped over524

high resolution DEM, small differences in Aw will become apparent so p = 0.5 can be525

recovered. Hence, DEMs of higher resolution will allow more accurate recovery of p, and526

for a given resolution, p values computed for basins with high σa are likely more reliable.527

For high values of σa the optimal p value for the synthetic experiments with arbitrary528

waterfall locations is in the range that is typical of θ (Figure 10). This can be interpreted529

as if the similarity between p and θ is insensitive to the exact location of waterfalls, and530

that p can be predicted from σa (SI). However, the covariance between p and θ for basins531

of ≥ 10 waterfalls (Figure 7c), together with the low covariance between θ and σa (Figure532

6c) suggests that the natural location of waterfalls is associated with significant subtleties533

in the value of p that reflect differences in the underlying process.534

5. Summary

This study explores the similarity between channel profile concavity (i.e., the exponent535

θ) downstream of waterfalls, and the exponent p that is used to model waterfall recession.536
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We analyzed channel profiles and the locations of waterfalls at 12 basins with different537

climatic and lithologic conditions, and also developed a new method to compute the538

optimal value of p and its uncertainty. Our results demonstrate that the values of p and539

θ are similar within uncertainty, come from a similar population, and generally covary for540

basins with & 10 waterfalls. In the context of the channel incision models this suggests541

that in the basins we analyzed waterfall recession is influenced by channel discharge and542

width as approximated by Am/n, and/or that the waterfall celerity is enslaved to that of543

downstream channel segments.544

Deviations between p and θ primarily arise when p values are relatively high due to545

low variability in the area that drains to waterfalls, or to high uncertainty in p. This546

may occur when waterfall recession decreases at low A values and the DEM resolution547

is relatively low, or when the number of of waterfalls in a basin is < 10. To avoid these548

influences, we recommend that p values be computed over basins with a relatively large549

spread in Aw (i.e σa/µa>1) and large number of waterfalls (> 10).550

Future studies focused on the relations between the waterfall celerity coefficient (B)551

and the channel erodibility coefficient (K) may reveal whether, and for what conditions,552

waterfall celerity is similar to that of non-vertical channel segments. Such similarity would553

suggest that waterfall recession is enslaved to that of downstream segments. Furthermore,554

similarity would mean that landscape evolution models that implement the stream power555

or shear stress incision models are also suitable for simulating landscape evolution in the556

presence of waterfalls.557

Notation558

A drainage area [L2]559
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A0 reference drainage area [L2]560

Ac critical drainage area threshold [L2]561

Ai drainage area at a node i [L2]562

Aw area that drains to a waterfall [L2]563

Ar normalized drainage area used for plotting []564

B waterfall celerity coefficient [L1−2p/T]565

b exponent that relates drainage area to channel width []566

Ce knickpoint celerity [L/T]567

Cew waterfall celerity [L/T]568

Cew,i the waterfall celerity between nodes i and i+ 1 [L/T]569

c exponent that relates drainage area to channel discharge []570

Di measure of difference used in computing χ2
r, units vary with model571

E erosion rate [L/T]572

i index of nodes []573

K erodibility coefficient in channel incision law [L1−2m/T]574

ks channel steepness [L2m/n]575

ksn normalized channel steepness [L2m/n]576

ksni
normalized channel steepness at a node i [L2m/n]577

l along stream flow distance up flow from lb [L]578

lb along stream flow distance up flow from an arbitrary location [L]579

m drainage area exponent in channel incision model []580

Nn number of nodes between the initial waterfall location at ts and some upstream node581

[]582
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Np number of data points used in computing χ2
r []583

Ns1 number of potential waterfall locations in a random selection process []584

Ns2 number of waterfalls selected from a subset of randomly positioned waterfalls that585

do not drain to each other []586

n slope exponent in channel incision model []587

p drainage area exponent in posited waterfall celerity model []588

S channel slope []589

Si slope at a node i []590

tr duration of waterfall recession [T]591

t∗r non dimensional duration of waterfall recession []592

t̄∗r mean non dimensional duration of waterfall recession for all waterfalls in a basin[]593

ts time of initial waterfall formation [T]594

U uplift rate [L/T]595

Un new uplift rate that is higher than the initial one[L/T]596

z elevation [L]597

zi elevation at a node i [L]598

α statistical significance level []599

δi dimensionless variable that equals 1 or
√

2 for cardinal and diagonal flow direction600

between nodes i and i+ 1, respectively []601

δt small time increment [T]602

∆t0 reference waterfall recession duration [T]603

∆ti recession duration between nodes i and i+ 1 [T]604

∆t∗i non dimensional waterfall recession duration []605
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∆x distance between DEM nodes in the cardinal directions [L]606

µa mean of Aw in a basin [L2]607

µz mean of waterfall elevation in a basin [L]608

θ the ratio between the exponents m and n in the channel incision model []609

θSA the value of θ computed from the log(A) vs. log(S) []610

θχ−z the value of θ computed from χ− z relations []611

θχ−z−lin the value of θ computed from linear χ− z relations []612

θχ−z−bin the value of θ computed from binned χ− z relations []613

σi measure of uncertainty used in computing χ2
r, units vary with model614

σa standard deviation of Aw in a basin [L2]615

σz standard deviation of waterfall elevation in a basin [L]616

Σz vertical uncertainty in DEM [L]617

χ transformation variable that links channel drainage area and length to elevation [L]618

χ2
r measure of weighted misfit in recession duration []619
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Figure 1: DEMs of the 12 basins analyzed in this study. Panels are labeled in accordance with
the basin ID in Tables 1 and S1, where more information is provided regarding the location
and characteristics of the different basins. Maps are shown in north to the top orientation and
lighter colors represent higher elevation. Circles show the location of waterfalls and a white
square shows the prescribed location of the initial waterfall for each basin. Circles are colored by
relative drainage area at a waterfall within each basin (Ar = Aw

mean(Aw)
, where light colors indicate

high Ar, and Aw is the drainage area at the waterfall) to illustrate the scatter in drainage area at
waterfalls. Note that waterfalls in basins a and k have lower variation in Ar values compared to
other basins where some of waterfalls are associated with very high Ar values (light color), while
others with very low (dark color). Basin locations are: a-c: Utah, USA, d: Pastaza, Equador,
e-g: New South Wales, Australia, h-i:Colorado, USA, j-l:Arizona, USA.
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Figure 2: An example for quasi-automatic knickpoint detection. The main figure shows the
profile of a channel in basin l (Figure 1) and the location of the detected knickpoint (filled circle)
and its top and bottom boundaries (open circles). The inset graph shows the same profile (grey
line, right y axis), and the associated ksn values (black line, left y axis).
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Figure 3: Topographic profiles along the analyzed channel systems. Each panel shows the profiles
and the waterfalls for each basin and is labeled in accordance with the basin ID in Table 1. Dark
and light colored circles mark the waterfalls and their boundaries, respectively. The lowest extent
of the profiles is the prescribed location of the initial knickpoint. The jagged topography of some
of the channels reflects the noisy DEM data (this plot shows the raw DEM data rather than a
smoothed or pit-filled elevation data).
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Figure 4: Optimization of p and its associated uncertainty. χ2
r (y axis) vs. different p values (x

axis) for one of the analyzed basins (basin h, Table 1). The solid line is an optimization curve
based on all waterfalls, and the dark grey square marks the optimal p value that minimizes χ2

r

for this case. Dashed lines show 50 optimization curves for arbitrarily chosen subsets of 75%
of all waterfalls, and grey circles mark the optimal p value for each of these iterations. Light
squares mark the uncertainty in the optimal p value for all waterfalls, where this uncertainty
is determined from the 2.5 and 97.5 percentiles of the optimal p values for the 50 subsets of
waterfalls (i.e., the grey circles).
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Figure 5: Basin parameters and their influence on p. (a) p values (y axis) vs. the standard
deviation of drainage area at the waterfalls (σa). The inset shows the relative standard deviation
σa/µa, where µ is the mean drainage area at waterfalls (Aw). (b) Uncertainty in p (ep; the
difference between the highest and lowest uncertainty bounds of p from models with and without
a critical area threshold [y axis]) vs. the number of waterfalls within a basin (x axis). (c)
Comparison of p value with Ac > 0 (y-axis) and Ac = 0 (x axis), where Ac is a critical area
threshold for waterfall recession. Dashed line shows a 1:1 relation. (d) p value (y axis) vs.
precipitation. (e) p value (y axis) vs. mean waterfall height at a basin. (f) p value (y axis) vs.
mean value of slope between the waterfalls top and bottom boundaries at each basin. The p
value in plots d-f are the p values computed with Ac = 0.
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Figure 6: (a) The uncertainty in θ (eθ; the difference between the highest and lowest uncertainty
bounds of the three methods used to compute θ, y axis) vs. the number of waterfalls. (b) θ
(y axis) vs. the standard deviation (σa) of drainage area at waterfalls (Aw). (c) θ (y axis) vs.
precipitation.
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Figure 7: Computed p and θ values. (a) comparison of p and θ for different basins. The x axis
shows the ID of the analyzed basins (in accordance with Table 1) and the y axis shows the value
of p and the values of θ for the various methods specified in the figure legend (Sections 2.4, 2.3).
The uncertainty values are determined via the procedures described in Section 2.5. Note that the
uncertainties of p and θ overlap in most cases. The dashed horizontal lines mark the commonly
observed θ values (0.35-0.7, [Whipple and Tucker , 1999; Tucker and Whipple, 2002]). (b) A
scatter plot of p (x-axis) vs θ (y axis) for all basins. The dashed line delineates a 1:1 relations
between p and θ. θ values computed with different methods are colored as in panel a. Note that
in many cases the uncertainties of p and θ overlap with this 1:1 line. (c) Same as panel b, for
basins with & 10 waterfalls. This gives R2 = 0.64 and a probability (p) value of 2.4× 10−6.
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Figure 8: Schematic relations between p and θ in χ− z space. (a) Schematic map of a basin with
3 waterfalls. waterfalls are marked with shapes, and the solid and dashed lines mark the channel
downstream and upstream of the waterfall, respectively. (b) χ − z relations when all waterfalls
lie at the same elevation. Here and in the following panels waterfalls are marked by shapes that
correspond to those in panel a, and dashed line marks the χ− z values along the pathway from
the origin to the waterfalls. (c) χ−z relations when waterfalls are at the same elevations and the
θ value used to compute χ is that which minimizes the scatter in z for a least square regression
between χ and z. (d) χ− z relations when waterfalls are at the same elevations and the p (or θ)
value used to compute the non-dimensional recession duration t∗r (or χ) is that which minimizes
the scatter in t∗r (or χ) for the waterfall locations only. (e) χ− z relations when waterfalls are at
different elevations and the θ value used to compute χ is that which minimizes the scatter in z
around a linear regression between χ and z. (f) χ − z relations when waterfalls are at different
elevations and the p (or θ) value used to compute the non-dimensional recession duration (t∗r) is
that which minimizes the scatter in t∗r (or χ) for the waterfall locations only.
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Figure 9: Schematic illustration of a recession mechanism that can cause similarity between
the recession of non-vertical channels (Ce) and waterfall recession (Cew) (i.e., Ce ' Cew) over
long time scales (after Haviv et al. [2010]). (a) Channel profile at times t1 (dashed line) and t2
(solid line). Grey triangles represents the base-level elevation in t1 and t2. ∆t is the time span
between t1 and t2, such that E ∗∆t is the depth of erosion (E) downstream of the waterfall over
this period and Ce ∗∆t is the recession caused by this erosion. In this setting the cap-rock layer
(colored in grey) is resistant to erosion whereas the underlying layers are of higher erodibility. (b)
Channel profile following a gravitational collapse of the waterfall and downstream transport of
the resulting debris (during a relatively short time period δt). The waterfall at time t2 (dashed
line) can collapse through various processes (e.g., undercutting, toppling). Note that in that
case the long term waterfall height is likely set by lithologic properties in conjunction with the
gravitational collapse mechanism, and is constant in time and space as long as these properties
are constant. Also note that the slope of the channel section downstream of the waterfall is
S = E/Ce (see dotted arrows in panel a), such that Ce = E/S and Ce = KAmSn/S = KAmSn−1

in the context of the channel incision model.
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basin g plotted in linear (a) and logarithmic (inset of panel a) scales. Each filled circle shows the
values of p and σa for a single experiment with 11 waterfalls that are arbitrary positioned. (b) p
vs. the relative standard deviation in Aw (σa/µa).
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Table 1: Properties of the analyzed basins

Basin ID are identical to those in Figure 1, latitude and longitude (decimal degrees) show the trunk channel location, MAP
is the mean annual precipitation (rounded to the nearest 50mm/yr multiplier) computed from 0.5 degree dataset from
precipitation data collected between 1901-1914 and attained from https://crudata.uea.ac.uk/cru/data/hrg/.
The lithologic data is sourced from:
1 Source: http://files.geology.utah.gov/online/usgs/
2 Source: Ruiz [2002]
3 Source: http://www.resourcesandenergy.nsw.gov.au
4 Source: Berlin and Anderson [2007]; Hail Jr [1992]
5 Source: http://pubs.usgs.gov/imap/
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